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This paper presents a software program, the Virtual NMR
Spectrometer, for computer simulation of multichannel, multidi-
mensional NMR experiments on user-defined spin systems. The
program is capable of reproducing most features of the modern
NMR experiment, including homo- and heteronuclear pulse se-
quences, phase cycling, pulsed field gradients, and shaped pulses.
Two different approaches are implemented to simulate the effect
of pulsed field gradients on coherence selection, an explicit calcu-
lation of all coherence transfer pathways, and an effective approx-
imate method using integration over multiple positions in the
sample. The applications of the Virtual NMR Spectrometer are
illustrated using homonuclear COSY and DQF COSY experi-
ments with gradient selection, heteronuclear HSQC, and TROSY.
The program uses an intuitive graphical user interface, which
resembles the appearance and operation of a real spectrometer. A
translator is used to allow the user to design pulse sequences with
the same programming language used in the actual experiment on
a real spectrometer. The Virtual NMR Spectrometer is designed as
a useful tool for developing new NMR experiments and for tuning
and adjusting the experimental setup for existing ones prior to
running costly NMR experiments, in order to reduce the setup
time on a real spectrometer. It will also be a useful aid for learning
the general principles of magnetic resonance and contemporary
innovations in NMR pulse sequence design. © 2000 Academic Press

Key Words: NMR; pulsed field gradients; computer simulation;
Virtual NMR Spectrometer.

INTRODUCTION

Multidimensional NMR spectroscopy is an important t
for characterizing the structure, dynamics, and interactio
biological molecules in solution (1–3). A typical NMR exper
ment consists of radiofrequency (RF) pulses interspersed
eriods of free precession. Although general rules gove
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the evolution of the spin density matrix under these condi
are well understood and corresponding analytical tools
available (e.g., (1)), the calculation of spin evolution under t
conditions of a real experiment is complex. NMR experim
grow more elaborate and involve longer sequences of r
frequency pulses and pulsed field gradients (PFGs). It
becomes increasingly difficult to predict the resulting spe
analytically, and efficient simulation methods provide a us
tool for the refinement of these experiments. These difficu
are particularly great for spin systems of high complexity

A number of computational approaches to the simulatio
NMR experiments have been developed. Computer prog
implementing the product-operator formalism (e.g., (1)) and
computer algebra for analytical derivation of the spin den
matrix under certain conditions in an NMR experiment w
described in (4, 5). Although helpful in understanding sp
evolution in NMR experiments, this approach has lim
applicability to multispin systems and to pulse sequences
shaped pulses, extensive phase cycling, or magnetic field
dients. A general approach to numerical simulation of N
pulse sequences has recently been developed and implem
as an object-oriented toolkit GAMMA (6). While being able t
simulate a wide variety of experimental conditions, GAMM
lacks an easy-to-use interface and requires programmin
pertise to translate a pulse sequence into the program
SIMPLTN (7) more closely resembles the interface use
spectrometers, but has limited applicability to gradient pu
and shaped RF pulses, and relies heavily on external sof
for data processing. None of these programs allows simul
of pulse sequences using PFGs. Recently, Jerschow and
(8) have presented an efficient method for calculating
attenuating effect of pulsed field gradients on particular co
ence transfer pathways. A different approach to simula
PFGs, based on an approximation of integrating the effec
the sequence using multiple positions in the sample, wa
cently introduced (9).

As simulations grow more complex, the simplicity and
cessibility of the software interface become critically imp
tant. It is desirable to present the user with an environmen
is organized in a familiar way so that extensive effort need
be devoted to acquiring new programming skills. A goal i
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263THE VIRTUAL NMR SPECTROMETER
permit ease of use by mimicking the operation of NMR s
trometers.

In this paper, we present a software program that addr
these interface issues and uses the most effective features
previous programs discussed above. This permits the si
tion of a wide variety of experiments, including those
employ heteronuclear pulse sequences, phase cycling, p
field gradients, and shaped pulses. This software program
Virtual NMR Spectrometer, simulates multichannel, mult
mensional experiments on user-defined spin systems. Th
gram features an intuitive graphical user interface, design
resemble the appearance and operation of a real spectro
as closely as possible. This program uses a translato
allows the user to design pulse sequences with the sam
gramming language as in the actual experiment on a
spectrometer. The program incorporates two different
proaches to simulate the effect of PFGs on coherence sele
an explicit calculation of all coherence transfer pathways8)
and the approximation method using multiple positions9).
The former is accurate, but slow; the latter requires ca
attention to parameterization. In addition, a data proce
module is available, which allows all general spectral proc
ing of the calculated free induction decays (e.g., apodiza
zero-filling, linear phase correction, and phase-sensitive d
tion by TPPI, States, States–TPPI, and echo–antiecho
ods). For development/debugging of pulse sequences a
learning purposes, the Virtual NMR Spectrometer contai
module that displays the spin density, expressed as a
combination of basis operators, as it evolves during an e
iment.

The Virtual NMR Spectrometer is designed as a useful
for developing new NMR experiments and for tuning
adjusting the experimental setup for existing experiment
order to reduce the time on a real spectrometer require
these purposes. It will also be a useful aid in learning ge
principles of magnetic resonance and contemporary inn
tions in NMR pulse sequence design.

BASIC FEATURES OF THE VIRTUAL NMR
SPECTROMETER

General Outline of the Spectrometer

The principal flowchart of the Virtual NMR Spectromete
hown in Fig. 1. It features the following basic modules:

FIG. 1. The flowchart of
-
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(1) Translator. A lexical/grammar analysis of the inp
pulse sequence (using a parser written in Lex (10)) produces

atlab script vs_mainsim.mcontaining the proper Matla
functions to simulate various steps of spin density evolu
and data acquisition according to the algorithms describ
the following sections. The current implementation of
translator completely supports the documented features
Bruker programming language (Versions 2.5 and earlier)

(2) Simulator.Given the experimental conditions and us
defined spin system, the simulator executesvs_mainsimand
produces an “experimental” data set. It currently simul
single- and multichannel 1D and 2D NMR experiments inc
ing rectangular and shaped RF pulses and PFGs, perform
a user-defined spin system. Spin-1/2 nuclei (e.g.,1H, 15N, and
13C) are implemented, and the number of spins is limited
by the size of addressable memory. Other features include
decoupling and power level selection and switching du
experiment, two approaches to simulation of experiments
PFGs (see below), automatic or manual selection of fine
for calculation of spin density evolution, and tracing and
play of various components of the spin density matrix du
the time course of the experiment.

(3) Data processing module.Processing, visualization, a
analysis of the resulting spectrum are implemented. The
ule allows all typical spectrum processing features, suc
apodization, zero-filling, linear phase correction in each dim
sion, and phase-sensitive detection by TPPI, States, S
TPPI, and echo–antiecho methods. Spectra (real and/or
inary parts) are displayed as contour plots, which can
zoomed in and/or analyzed as 1D slices in each dimensi

Graphical User Interface

All operation of the Virtual NMR Spectrometer4 is per-
formed via a graphical user interface (GUI). This interfac
designed to resemble as closely as possible the operatio
real spectrometer, to allow flexibility in selection of vario
simulation and processing conditions and regimes, and to
vide various means of controlling the process of simula
(“experiment”) and its outcome. The main panels and re
features/details of the graphical user interface are desc
below.

4 For users familiar with programming, the package allows access
anipulation of various parameters/data from the Matlab shell; afte

s_mainsim.mscript has been written by the translator, it can be edited u
ny text editor.

Virtual NMR Spectrometer.
the
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264 NICHOLAS ET AL.
General GUI Panel

This is the main interface panel, which allows the use
activate all other panels, described below. The following
tions can be performed directly from this panel: browsin
already existing directories and selection and display of a
sequence, starting the translator, selection of the numb
spins and of the method of treating PFGs, and starting
simulation of the translated pulse sequence. As the simu
proceeds, the number oft 1 increments already calculated
displayed, as well as the number of counted pathways, i
CTP mode.

Spin Setup Panel

For each nuclear spin,the spin setup panel allows selection
the type of nucleus, its chemical shift position, and spin-relax
rates,R1 andR2. A built-in program VS_RELMATRIX estimate
pin-relaxation rates for each spin or spin transition in a mult
ystem, given the overall hydrodynamic properties and char
stics of the local mobility of the molecule. A more exact tre

ent can be optionally provided.
For each pair of spins,the spin setup panel allows select

of the spin–spin coupling and, if necessary, cross-relax
rates. It toggles the tracing routine to calculate and stor
evolution of various components of the spin density ope
and allows selection of the basis operators to be traced
displayed.

Pulse Program Parameters

The panel displays all parameters (delays, pulses, p
levels, etc.) involved in the pulse sequence, calculates the
defined via an expression, and allows the user to change
values manually.

Experimental Setup

The experimental setup allows selection of the basic1H
resonance frequency, channel selection to any other nu
channel calibration (user-defined reference power level an
length of the corresponding 90° pulse), selection of ca
frequencies and spectral widths for each channel, numb
points in the time domains to be recorded in each experim
dimension, and the number of scans. This panel is also us
set the maximum gradient strength available and the sa
length, for the selection of the number of layers, for the A
approach. A built-in program, VS_SALAMI, automatica
updates the list of suggested optimal parameters for simu
of a PFG experiment using the approximate multipos
approach.

Projections Window

The projections window allows tracing/display of the tra
formation of various components of the spin density matrix
plots projections of the spin density onto user-selected
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operators as a function of the time/pulse sequence. It
displays the pulse sequence (as a bar diagram with the
duration of all delays/pulses indicated) on the same time
as the projection plots. The plot has a zoom-in feature w
permits simultaneous expansion of all diagrams along the
axis (horizontally) in order to display fine details.

Data Processing

This panel allows the selection of the following parame
and processing options:

In each dimension,one may select the size of the result
spectrum, the beginning and end points of the acquired da
to be processed, the shape and the corresponding para
(width, shift, etc.) of the window function (exponential, Gau
ian, trapezoid, sine, qsine) for apodization, and paramete
linear phase correction for processing in the phase-sen
mode or selection of the magnitude mode.

In the indirectly detected dimension(t 1) the following pro-
cessing regimes are available for frequency discrimina
TPPI, States, States–TPPI, echo–antiecho.

Processing can be done in each dimension independ
and the real and/or imaginary parts of the resulting inter
gram or spectrum can be displayed.

The spectrum display window also allows display o
selected row/column of the resulting spectrum as a 1D
and zooming-in on a selected part of the spectrum.

Thephase correctionwindow provides a tool for interactiv
manual phase correction in a selected dimension,F 1 or F 2.

ALGORITHMS AND METHODS

General Treatment of the Spin Density Matrix under
Evolution, Pulses, Delays, and Relaxation

The general product-operator formalism for a quantum
chanical description of the evolution of the spin density ma
under conditions of the NMR experiment is used (1, 3).

All considerations of the spin density evolution are p
ormed in the rotating frame, i.e., in the coordinate fra
otating with the corresponding channel/carrier resonance
uency around the direction of the external magnetic fielB0

(Z axis). In this rotating frame, both the free precession an
ffect of a pulse on the spin system can be treated a
volution under a constant Hamiltonian, with an additio

ransverse magnetic field present in the latter case.

Evolution of the Spin Density in the Absence
of Pulse Field Gradients

In the absence of magnetic field gradients, it is possib
imulate the effect of a pulse sequence with relatively sim
atrix calculations. For a system of coupled spins, the
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265THE VIRTUAL NMR SPECTROMETER
Hamiltonian in the rotating frame can be represented in ge
form as

Ĥ 5 2O
k

@gk~1 2 dk! B0 2 v0# Î z
k

1 2p O
k,l

~ Jkl
x Î x

kÎ x
l 1 Jkl

y Î y
kÎ y

l 1 Jkl
z Î z

kÎ z
l !

2 O
k

gkB1~ Î x
kcosf 1 Î y

ksin f!, [1]

wherek, l 5 1, . . . ,N enumerate the spins,g k andd k are the
gyromagnetic ratio and the chemical shielding of thekth spin,
Jkl is the coupling between spinsk and l , B0 and v0 are the
constant magnetic field and the carrier frequency for a pa
ular channel, andB1 andf are the strength and the phase of
applied RF pulse. For example, in the case of a scalar cou
between like spinsJkl

z 5 Jkl
x 5 Jkl

y 5 Jkl, whereasJkl
z 5 Jkl; Jkl

x

5 Jkl
y 5 0 for unlike spins. In a multichannel/heteronucl

xperiment,v 0, B1, andf may differ for different channel
The whole time course of the NMR experiment can be su
vided into consecutive intervalsDt i characterized by substit-
tions of experimental variables in the Hamiltonian, Eq. [1].
transformation of the spin density operator during such
interval,Dt i 5 t i11 2 t i , from an initial state,ŝ(t i), to a fina
state,ŝ(t i11), can be considered the result of the evolutio

ŝ9i11 5 e2i ĤDtiŝ ie
i ĤDti [2]

and spin relaxation, represented below with the relaxa
operatorR:

ŝ i11 5 Rŝ9i11 5 e2RDti~ŝ9i11 2 ŝeq! 1 ŝeq. [3]

Hereseq is the equilibrium density matrix, andR is the relax-
ation matrix, including cross-relaxation terms, as neces
While separating the effects of spin relaxation and evolutio
clearly an approximation, the expected errors can be m
mized by selecting sufficiently short time intervalsDt i . Note
that the operatore2iĤDt i in the right-hand side of Eq. [2]

irectly computed as a matrix exponential, without simplify
ssumptions.
The effects of spin relaxation are included in a phenom

ogical fashion, as described by the general relaxation m
, consisting of two parts,R1 and R2, corresponding to th

longitudinal and transverse relaxation, respectively. Elem
of the nondiagonal matrixR2 describe relaxation rates
various spin transitions, whereas elements of the diag
matrix R1 correspond to relaxation of the longitudinal po-
ization terms. In the current version of the program, the ef
of transverse and longitudinal relaxation are treated separ
see, e.g., equations in (11). For the transverse relaxation,

ondiagonal elements of the corresponding spin density m
ral
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in the right-hand side of Eq. [3] are multiplied elementwise
a matrix composed of the exponential function of the elem
of (2R2Dt i). The effects of cross-relaxation in each pai
spins are treated explicitly, by including the correspon
nondiagonal terms in theR1 matrix. To account for this effe
exp(2R1Dt i) is considered a matrix exponential in Eq.
Relaxation of the two-spin order terms inŝ9i11 2 ŝ eq is treated
separately from the longitudinal polarization of each spin.
program allows the user to define relaxation rates for
nuclear spin or spin transition in a multispin system. These
be calculated using the previously described prog
DYNAMICS, given the local geometry and interactions (di
lar, CSA) and motional models, including the overall rotatio
characteristics of the molecule and various models of
mobility (12). The corresponding module, VS_RELMATRI
is included in the Virtual NMR Spectrometer.

Simulating an NMR experiment therefore requires only
calculation of Hamiltonian matrices (Eq. [1]) for each ti
interval, to represent the effects of free precession and an
pulses that will be applied, and the repeated application of
[2] and [3]. This method of simulating NMR experiments
attractive because of its speed, generality, and simplicity. I
current implementation, no explicit consideration is mad
spin equivalence characteristics in the input.

Simulating NMR Experiments with PFGs

Simulating experiments with PFGs requires a more det
calculation that traces the evolution and mixing of coheren
since the phase acquired by each component of the spin d
during a gradient pulse depends on the coherence order,
gyromagnetic ratios, and on the spatial location of the n
involved. It is possible to reconstruct the spin density ope
based upon the coherence transfer pathways (CTPs) tha
tribute to each of the basis operators. The attenuation of
CTP by any gradients in a pulse sequence can be calcu
and the spin density operator will reflect this attenuation.
Virtual NMR Spectrometer provides two methods to acc
for the effect of PFGs: the calculation of all possible CTPs
the approximate multiposition approach (AMP), which tre
the sample as a set of layers (slices).

Calculation of All Possible Coherence Transfer Pathways

Consider, for simplicity, the case of gradients along the
(Z) of the applied magnetic field,Gz(t), so that the “constan
magnetic fieldB0 in Eq. [1] becomes linearly dependent onz:
B0 3 B0 1 Gz(t) z. The time dependence ofGz(t) represent
the shape of the PFG. We will also assume that the sam
length L is oriented along theZ axis. The generalization
hese results for the general case of a three-axis gradi
traightforward. In the treatment below we follow the appro
f counting CTPs suggested in (8).
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Attenuation of Coherence Transfer Pathways

During the i th period of free precession, the cohere
escribed by the operatorB̂a acquires a location-depend

phase due to applied gradients,

f~ z!a i
5 g*ahiz, [4]

whereg* is the effective gyromagnetic ratio of the cohere
(see the Appendix) and

hi 5 E
ti21

ti

Gz~t!dt. [5]

hus during an experiment withn periods of free precessi
he mth CTP will acquire a total location-dependent phas

F~ z!m 5 O
i51

n

f~ z!a i
5 kmz, [6]

here we have introduced the spatial frequency of themth
pathway,km.

Location-Dependent Spin Density Operator

Given vector listswn
(a) andk n

(a) that contain the weight an
spatial frequency of the CTPs leading to basis operatorB̂a,
one can express the location-dependent spin density op
after the application ofn RF pulses and/or delay periods a

ŝ~ z! 5 O
a51

~4 N21!

@B̂a O
j

~wn
~a!! je

2i ~k n
~a!! jZ#. [7]

Here the first sum extends over the complete set of
operators and the second sum extends over all pathway
contribute to the basis operatorB̂a; (wn

(a)) j and (k n
(a)) j are the

omplex weight and spatial frequency (respectively) of thj th
athway contributing to the coherent stateB̂a, after thenth

evolution period. Note that at present, we neglect mole
translational diffusion in the direction of the gradient. T
observable quantity, the spatial average of the density ope
is obtained by integrating Eq. [7] over the sample length, f
z 5 2L/ 2 to L/ 2,

ŝ# ~ z! 5 O
a

4 N21

@B̂a O
j

~wn
~a!! jsinc~~kn

~a!! jL/ 2!#, [8]

whereL is the sample length. In fact, because the sinc fun
oscillates and crosses zero, it would be possible to o
estimates of large attenuation that were extremely sensit
e

tor

is
hat

ar

or,

n
in
to

gradient size and duration. Therefore the envelope of the
function is used to estimate the attenuation by the gradie

sincEnv 5 5
sin~ x!

x
, 0 # uxu #

p

2
1

uxu ,
p

2
# uxu

. [9]

imulating an experiment therefore requires an effic
ethod of generating the listswn

(a) andk n
(a). These calculation

are performed using the transformation matrix, as describ
the Appendix, Eqs. [A10]–[A13].

The advantage of this approach is in its simplicity—
evolution of the spin density operator and the transforma
matrices are calculated as if the gradients were absent.
the transformation matrices are derived for each time p
Dt i , the effect of PFGs can be taken into account by coun
all possible (or most efficient) coherence transfer pathw
computing the correspondingw and k lists, and substitutin
them into Eq. [8]. The disadvantage is the necessary book
ing for a large number of CTPs. In practice, relatively
pathways contribute to the observed signal, relative to the
number of possible pathways for a particular experiment

Approximate Multiple-Position Approach

A more direct approach to simulating the effect of PFG
by calculating the exact spin density operator at many loca
within the sample, and taking the average of these calcula
as the spatial average of the sample magnetization. For e
ple, in the case of aZ-axis gradient, one might slice the sam
into NL layers of equal height, perpendicular to theZ axis (Fig.
2a), and calculate the evolution of the spin density operat
the presence of PFGs for each layer separately (e.g., (9)). The
method can be generalized to include triple-axis gradients
a small number of layers (NL ; 10–20) this method is e-
pected to be more efficient than CTP, in particular, for p
sequences involving large number of PFGs (hence large
ber of possible CTPs). However, as outlined in the ana
below, an accurate simulation using this approach migh
quire a much greater number of layers to be considered, e
heteronulclear systems, which could reduce its efficiency
pared to the CTP method.

Consider evolution in the presence of a single PFG o
spin density initially placed in the transverse plane. For
venience, we enumerate the layers fromnz 5 2a to a, so tha
for an odd number of layers considered here,NL 5 2a 1 1,

ndnz 5 0 corresponds to the layer located atz 5 0. The spin
density in thenz 5 0 layer will be identical to the spin dens
calculated neglecting gradients. All other layers will acqui
position-dependent phase during the time intervalt,

f~nz! 5 kenz

L

NL
, [10]
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where ke 5 g* h, h 5 * 0
t G(t)dt, and g* is the effective

gyromagnetic ratio for a particular component of the
density (Eq. [A5]). For a more complex experimental sche
ke will represent the effective spatial frequency for the en
experiment (see Eqs. [A5] and [A13]):

ke 5 Sg*i hi. [11]

The spatial average of the spin density component corres
ing to a particular value ofke will be given by

FIG. 2. Illustration of the approximate multiposition approach for the
of theZ-axis gradient: (a) representation of a real sample as a set of “min
samples (left) and the layer selection scheme for the representative
(right); (b) the attenuation factor in Eq. [12] as a function ofkeL/(2NL) for
ariousNL. The corresponding sinc function, sinc(keL/ 2), is also shown in (b

as dotted lines, for comparison. Only a small, representative interv
keL/(2NL) values is shown here, due to periodicity of the attenuation fa
with a period ofp. An increase in the attenuation factor atkeL/(2NL) 5 6p,

bvious from (b), is due to zeros of the denominator in Eq. [12], and could
o simulation artifacts. Rule (3), Eqs. [15] and [17], is designed to

eL/(2NL) within the (2p/2, p/2) interval.
n
e,
e

d-

ŝke 5
1

NL
O

nz52a

a

ŝke~nz! 5
ŝ~0!

NL
O

nz52a

a

e2if~nz!

5 ŝ~0!3 1

NL

sinSkeL

2 D
sinS keL

2NL
D4 . [12]

The expression in brackets reflects the attenuation of the s
due to dephasing by PFGs during an experiment. Fo
desired coherence, i.e., the one to be preserved during th
experiment,ke 5 0, according to gradient selection rules.
follows from Eq. [12] the desired coherence will be comple
preserved by this method, independent of the choice ofL and

L. It is then the undesired coherences, i.e., those to b-
stroyed by PFGs, which will influence the optimization of
parameters. As anticipated, the attenuation factor in Eq.
approaches sinc(keL/ 2) asNL 3 `. However, because of
periodicity, caused by a finite number of layers, this equa
will approximate the sinc function properly only in the inter
ukeL/(2NL)u # p/2 (Fig. 2b), where the maximum error
approximately equal to 2/NL. This might require a large num-

er of layers to be considered for a given sample lengthL. For
xample, assuming a typical sample length of 2 cm, one w
xpect the minimal number of layers for the gradient-sele
OSY experiment described below to be;228. Thus, even fo
uch a simple experiment, one would need to repeat the w
imulation at least 228 times to ensure an accurate resu

ptimization of the Approximate Multiposition Approach:
Minimal Sample

A solution to this problem (9) is to perform the simulatio
for a much smaller representative, or “minimal” sample
lengthLmin, thus considering the real sample as a set of m
such samples, as illustrated in Fig. 2a. All these represen
samples shown in Fig. 2a are virtually identical from the p
of view of spin density evolution under PFGs. Consider,
example, a representative sample shifted byjL min ( j is an
integer) along theZ axis with respect to the one considered
Eq. [10]. The phase acquired by a spin coherence in a laynz

in this sample is (see Eq. [13])f(nz, j ) 5 ke(nzLmin/NL 1
jL min) 5 f(nz) 1 2pmj, which is indistinguishable from
f(nz) due to periodicity of the exponential functione2if in Eq.
[12]. Note that if the actual sample lengthL is not a multiple
of a particular selected minimal length,Lmin, i.e., L/Lmin is not
an integer, then the error resulting from such an approxim
is expected to be of the order or less thanLmin/(2L), which still
yields a good level of accuracy for largeL/Lmin.

For a particular undesired coherence with the effective
tial frequencyke (ke Þ 0), the following criteria apply for th
selection of an optimal simulation setup.
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(1) The minimal sample length,Lmin, can be selected
coincide with one of the zeros of the numerator in Eq. [12],

Lmin 5 2pm/ke, [13]

wherem is any positive integer.

(2) The number of layers must be selected to avoid zer
he denominator,

NL Þ keL/~2pn!, [14]

heren is any positive integer.

(3) To minimize contributions from undesired coheren
he number of layers can be selected to provide the value
ine function in the denominator in Eq. [12] close to
aximum,

NL < keL/@p~2n 1 1!#, [15]

wheren 5 0, 1, . . . . The optimal number of layers,NL, is
then the nearest integer to the value in the right-hand si
this equation. Rule (3) is rather “the rule of thumb” and d
not have to be strictly obeyed, as rule (2).

Combining rules (1) and (2) givesNL Þ m/n; i.e., for a
givenm, one should avoid situations whenNL is a factor ofm.
For example, anyNL . m should work. From rules (1) and (
one obtainsNL ' 2m/(2n 1 1).

While rule (1) helps optimize the sample length, rules
nd (3) determine the optimal number of slices for the m

ayer simulation, hence the efficiency of the simulation. If
2) is not obeyed, the expression in brackets in Eq. [12] eq
; i.e., the corresponding (undesired) coherence will be
letely preserved, which, therefore, might lead to severe
ulational error (see Figs. 6b and 6c below). A failure to o
ule (1) will also result in a nonzero contribution from un
ired coherence to the resulting calculation. This contribu
owever, is usually smaller (Fig. 2b) and could be fur
educed by maximizing the denominator in Eq. [12] (see
3)) and by selecting a sufficiently large number of lay
lthough at a cost of increased simulation time. Since forNL .

1 the denominator in Eq. [12] is oscillating slower than
numerator, selectingNL close tokeL/p (rule (3),n 5 0) will
automatically ensure that rule (2) is obeyed.

When several coherences have to be suppressed si
neously, the optimization becomes more complex. Consi
set of ke values: {ke1, . . . , ken}. For the optimized samp
lengthLmin, application of rule (1) to all theseke suggests tha
in order to meet the optimal conditions, all the following ra
have to give integer numbers:
.,
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m1 5 Lminke1/~2p!; m2 5 Lminke2/~2p!, . . . ;

mn 5 Lminken/~2p!. [16]

his then requires finding the leastLmin, which is still large
enough so that all the ratios in the right-hand side of t
equations can be considered integers, to a good approxim

According to rule (3), a simple recipe for selection ofNL is
then

NL $ max$ke%Lmin/p, [17]

where max{ke} is the largest entry in the {ke} set, usually
Sug*i uSuhi u. This will ensure that all other values ofkeL/(2NL)
are within the (2p/2, p/2) interval (Fig. 2b), thus obeying ru
(2). A program routine VS_SALAMI is included in the pr
gram, which performs automatic determination ofLmin and a

inimal NL given the pulse sequence and the experim
setup.

Practical Suggestions

To summarize the above considerations, let us perform s
estimations. If min{ke} denotes the smallest nonzero absolutke

value, then, at least, the following relation should hold:

Lmin 5 2p/min$ke%. [18]

Combined with Eq. [18] this leads to the following estimate
the number of layers necessary for an accurate simulati
the PFG experiment using the AMP approach:

NL $ 2 max$ke%/min$ke%. [19]

These values of simulation parameters,Lmin andNL, will then
ensure that the whole range of possible undesired cohe
pathways is reasonably well suppressed. As follows from
[19], the number of layers, which determines the computat
efficiency of the AMP approach, could become large, in
ticular, in experiments involving nuclei with significantly d
ferent gyromagnetic ratios (e.g.,NL . 2gH/ugNu ; 20 for
experiments with15N and 1H), and/or many-spin systems w
large possible coherence orders.

It is worth noting here that the optimal parameters for
AMP approach depend on the gradient strength. If a s
gradient pulse is applied during the pulse sequence, thenke }
G, and thereforeLmin is inversely proportional to the gradie
strength. The optimal number of layers,NL, however, does n
depend on the strength of the applied gradient (cf. Eq. [19
the case of multiple PFGs present in the pulse sequenc
situation is less straightforward, since the spatial frequencke,
is a linear combination of various gradients present in the p
sequence (Eqs. [11], [A5], [A13]). However, considerati
similar to those for a single gradient could be applied to
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dependence of the optimal parameters on the overall lev
the gradient strength, i.e., when all gradients are scaled
formly.

Simulation Algorithm

Here we describe how the NMR experiment is simulate
the Virtual NMR Spectrometer.

As the result of translation of a pulse program (see des
tion of the translator), the whole duration of the sequenc
divided into N intervals of constant Hamiltonian; i.e., duri

FIG. 3. Flowchart of the experiment simulation module for an NMR
a gradient experiment are illustrated. For simplicity, a one-dimensional
not shown; however, this simulation can be considered the approximat
of
ni-

n

p-
is

each interval the applied magnetic fieldsB1 and their phases o
all channels are constant (or zero). In those cases when a
modulation ofH takes place (e.g., shaped RF pulses or sh
PFGs in the approximate multiposition approach), the leng
the time intervalDt i is chosen not to exceed the step size in
numerical approximation of the corresponding shape func
In addition, the evolution periods can be subdivided in sm
intervals, selected automatically (Dt i , 1/(p max[Jkl])) or
user defined, to represent more accurately the effect of r
ation and/or precession under spin couplings.

periment with PFGs. The two available modes, CTP and AMP, for sim
eriment is shown. The flowchart for a simulation of an experiment withot PFGs is
ultiposition approach scheme withNL 5 1 andnz 5 0.
ex
exp
e m



xpe
ndi

as

t et

ls

ns
RF
to
ls

ue

se
mu
tio
, a
ate
the
t, t

and
. As
the

ights
ight

will
(of

oto
he f
pha
lse
se
we

1 ine
t tra
p w
a
s
p ne-
f

elec-

ce
gure
sample
by the
s

c to
2 Pro-
c ration)
w G/cm
a n

g the
rs for
qs. [18]
e
itions

ate
ptimal

to
for

tions
of the
rs from
xperi-

270 NICHOLAS ET AL.
The execution of a translated pulse sequence in an e
ment involving PFGs includes the following main steps, i
cated on the flowchart in Fig. 3.

Initialization

Given the spin system, the program calculates all b
operators,B̂a, the basic Hamiltonian,Ĥ evol, for the free evolu-
ion, and, if in the CTP mode,hi . The spin density matrix is s
to initial value, determined by the equilibrium state (e.g.,seq 5
Sg kI kz or based on user-defined populations of spin leve
various spin systems). If CTP mode, set allw0

(a) 5 [ ] and k 0
(a)

5 0.

Simulation of the Pulse Sequence

For each time period (free precession or pulse), spin de
evolution is calculated according to Eqs. [2] and [3]. If
pulses are present, the corresponding terms are added
Hamiltonian. If the pulse sequence contains no gradient pu
these steps will be repeated until the end of the pulse seq
is reached.

Prior to the first gradient pulse, the corresponding u
selected gradient-simulation mode, CTP or approximate
tiposition, is activated. In the CTP mode, the transforma
matrix is calculated and the pathway lists are generated
cording to Eqs. [A10]–[A13]. These calculations are repe
along with the simulation of the spin density evolution until
end of the last gradient in the pulse sequence. After tha

FIG. 4. An example of the simulated COSY experiment for a three-pr
system. The spectra were obtained (a) with only one scan and (b) with t
phase cycle. Axial noise present in (a) is suppressed in (b) by the
cycling. The carrier position inF 1 is indicated by a dashed line. The pu
program used for the simulation wascosyshfrom the standard Bruker pul
program library. The proton chemical shift positions and scalar couplings
as follows: Ha 5 4.2 ppm, Hb 5 2.8 ppm, Hb9 5 3.3 ppm,Jab 5 20 Hz,Jab9 5

2 Hz,Jbb9 5 30 Hz. This spin system mimics nonlabile protons in cyste
he couplings were assumed to be greater than the actual ones for illus
urposes. The spectrometer frequency was set to 500 MHz. Spectra
cquired with 256t 1 increments, each containing 128 complex points int 2. The
imulated “experimental” data were zero-filled up to 2563 256 complex
oints and processed using the States method. The 90° shifted si

unction was used for apodization.
ri-
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“integrated” spin density is calculated according to Eq. [8],
the simulation proceeds in the normal (nongradient) mode
the number of possible CTPs increases dramatically with
number of pulses, a threshold value can be set for the we
wj , so that only those pathways which have significant we
will be included in the generated pathway lists.

During each period of evolution, mixing of coherences
occur with different strengths. Some mixing will be strong

n
ull
se

re

;
tive
ere

bell

FIG. 5. Simulated homonuclear COSY experiment using gradient s
tion (gs-COSY (14)). The pulse program used for this experiment wascosygs
(Bruker). Shown are spectra corresponding to gradient selection of (a)P-type
coherence (p peaks), (b)N-type coherence (n peaks), and (c) no coheren
selection, when bothp andn peaks are present. Spectra shown in this fi
were obtained using the coherence transfer pathways approach. The
length was set to 2 cm. Positions of the diagonal peaks are indicated
corresponding diagonal lines. All spectra were acquired with 256t 1 increment
ontaining 128 complex points int 2. The simulated data were zero-filled up
56 3 256 points and apodized using a 90° shifted sine-bell function.
essing was done in the magnitude mode. The gradient pulses (1 ms du
ere sine-shaped, 1 ms long, with a maximum gradient strength of 21
nd gradient ratios of 1:1 for thep peaks and 1:21 for then peaks. The spi

system was the same as that in Fig. 4.

FIG. 6. Same gs-COSY experiment as in Fig. 5a, simulated usin
approximate multiposition approach. The optimal simulation paramete
suppression of all undesired coherences were estimated according to E
and [19] asNL 5 12 andLmin 5 0.0176 cm (min{ke} 5 358 rad/cm). Th
spectrum shown in panel (a) was calculated using the simulation cond
close to optimal:NL 5 13 andLmin 5 0.0176 cm. Panels (b) and (c) illustr
artifacts caused by deviations of one of these parameters from the o
values:NL 5 5 in (b) whileL 5 6Lmin in (c). These deviations are selected
provide simulation parameters close to violation of rule (2) (Eq. [14])
suppression of then peaks. The additional signals and spectral distor
present in (b) and (c) are artifacts due to incomplete suppression
undesired coherences, caused by deviation of the simulation paramete
their optimal values. The spin system, pulse program, and all other e
mental and processing conditions are the same as those in Fig. 5.
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271THE VIRTUAL NMR SPECTROMETER
order 1) and will ultimately generate the predominant si
observed in an experiment. There will also be weaker (of o
1023) mixing, due, for example, to pulse imperfections,
these will generally be more numerous than the strong mi
In the absence of cross-relaxation, the mixing between
states must always be less than or equal to unity. (In the
of cross-relaxation rates corresponding to those phys
observed, this statement remains approximately true.) T
fore if one knows the weight of a particular pathway a
certain point in an experiment, one can be certain that a
progeny of that pathway (i.e., the CTPs that result from bra
ing of the pathway with known weight as further evolution
mixing occur) will have equal or lesser weight than the orig
pathway did. It follows that if one is willing to accept a sm
reduction in accuracy in exchange for an increase in speed
can set a threshold value and after each and every per
evolution retain only those “significant” pathways that h
weight greater than the threshold. When such an approa
adopted, the number of pathways and therefore the calcu
time for a given simulation can be greatly reduced.

An alternative method offers an advantage over the one
described because it simplifies the process of determinin
appropriate threshold value. Instead of setting a threshold
the pathway weights must exceed for a CTP to be counted
can sort the list of pathways according to weight after e
period of evolution, and retain only thenp most significan
pathways. In practice, for the experiments presented her
found that settingnp to 10–20 CTPs per basis operatorB̂a

provides a reasonable compromise. Reducingnp below 10 doe
not increase speed significantly and eventually generate
correct spectra; cf. Fig. 7b below. This method appears
generally applicable to all experiments, and does not app

FIG. 7. An example of a double-quantum-filtered COSY using grad
selection (gs-DQF-COSY (14)). The pulse program wascosygpmftp(Bruker).
The spectra in (a) and (b) were simulated using the coherence transfe
ways approach, with the number of pathways retained per basis operato
10 and 4, respectively. The spectrum in (c) was calculated using the a
imate multiposition approach withLmin 5 0.035 cm andNL 5 19. Spectra

rtifacts in (b) are due to reduction in the number of accounted pathway
pin system and the size of acquired data are the same as those in Fig
-ms gradient pulses were sine-shaped, with maximal strengths of 10.5
/cm (for the double-quantum coherence selection). The “experimental
ere zero-filled and apodized using a 90°-shifted squared sine bell. Proc
as performed using TPPI. A 90° zero-order phase correction was app
oth dimensions (14).
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reduce the efficiency of the suppression of unwanted c
ences.

In the approximate multiposition mode, the calculatio
split into separate calculations of spin density evolution
each layer. A set ofNL matricess i(nz) is generated by dup-
cating the spin density matrix,s i , prior to the occurrence of th
first gradient. For each time interval, the calculation of
density evolution, Eqs. [2] and [3], is then performedNL times,
with the longitudinal magnetic fieldB90 5 B0 1 GnzLmin/NL in
he Hamiltonian (Eq. [1]). The resulting spin density mat

s i11(nz), is stored for each layer. After the last gradient pu
the spin density matrix is averaged over all spin dens
calculated separately for each layer.

Acquisition

Based upon#ŝ, the FID is acquired and stored.
The acquisition period is divided into td2 equal evolu
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FIG. 8. Illustration of 1H{ 15N} HSQC/TROSY experiments. (a) D-
oupled 1H{ 15N} HSQC spectrum; (b) coupled1H{ 15N} HSQC spectrum

resolving all four NMR signals of the1H–15N spin pair; (c)–(f) generalize
ROSY-type experiments selecting one of the four cross peaks at a
according to (15)). The pulse sequences used were (a, b)invitp from the
tandard Bruker library and (c–f)a/b-HSQC-a/b described in (15). The
hemical shift positions were assumed to be at 8 ppm (1H) and 117 ppm (15N),

and the scalar coupling was set to 90 Hz. Processing was performed usin
(a and b) or as described in (15) (c–f). The relaxation rates for the individu
transitions were calculated using the VS_RELMATRIX module, assumin
overall rotational correlation time of 10 ns and a spectrometer frequency
MHz.
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272 NICHOLAS ET AL.
intervals of length determined by the desired spectral wid
F 2; the spin density evolution is calculated using the s
approach (Eqs. [2] and [3]) as during the pulse sequence
decoupling is applied to a selected channel as necessary
to each evolution interval, quadrature detection of the s
(FID) is performed by calculating transverse magnetiza
components for the directly detected nuclear channel.

This sequence of events is repeated according to the nu
of scans and to the number oft 1 increments in a 2D expe-
ment, determined by the user.

The Virtual NMR Spectrometer is written in Matlab (Ma
Works). This language provides an easy and intuitive too
various manipulations involving matrices and cell arrays of
dimension. Matlab is currently available on practically
platform. The program can be run from the Matlab shel
alternatively, can be exported as C/C11 code, and compile
and run as a stand-alone application.

RESULTS AND DISCUSSION

Examples of Spectra Simulations Using
the Virtual NMR Spectrometer

Here we consider some typical examples to illustrate
ability of the Virtual NMR Spectrometer to simulate NM
experiments.

Figure 4 depicts a region of the 2D COSY spectrum s
lated using a standard pulse sequence without PFGs, an
illustrates suppression of axial peaks by a full phase cycle
spin system parameters, experimental setup, and data pr
ing parameters are listed in the legend to the figure. The
spectrum, obtained using a pulse sequence with gradie
lection (gs-COSY), is shown in Figs. 5 and 6. Figure 5
illustrates the ability to select the desired coherence by ch
ing the relative sign of the gradients. These spectra
calculated using the CTP approach. The multilayer appr
yielded identical spectra, as shown in Fig. 6a. Figures 6b
6c also illustrate the sensitivity of this method to proper o
mization of the simulation parameters,Lmin andNL.

Simulation of a homonuclear double-quantum COSY ex
iment using gradient selection yielded 2D spectra show
Fig. 7. The spectra obtained using CTP and AMP met
under optimal conditions are virtually identical. Figure 7b a
illustrates the limitation of the truncated CTP method w
respect to the minimal number of pathways retained per
operator.

Heteronuclear1H–15N correlation experiments are illustra
in Fig. 8. We simulated a standard HSQC experiment, w
180° 1H decoupling pulse present during15N evolution and15N
decoupling during acquisition (Fig. 8a) and the coupled f
peak spectrum is shown in Fig. 8b. Differences in the
widths/intensities of various cross peaks are due to differe
in the transverse relaxation rates for the corresponding s
quantum coherences. TROSY techniques (13) have been re
in
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FIG. 9. The evolution of individual components of the spin den
operator calculated during a pulse sequence. Left-hand panels dep
time evolution of selected spin density components (labeled at left) d
one scan in at 1 transient for the1H{ 15N} HSQC experiment. Panels on t
right show an expansion of these plots (indicated by arrows in the
sequence on the left panel), to illustrate details of the spin density evo
from 180° pulses applied on both1H and 15N channels, during INEP
transfer from 1H to 15N. I and S denote 1H and 15N spin operators
respectively. The corresponding pulse sequence is shown at the b
Thin and thick bars (left panel) indicate schematically 90° and 180° pu
respectively; the pulses are along thex axis, unless indicated. The pu
diagram on the right panel represents the actual duration of the pulse
pulse sequence, the experimental conditions, and the spin system ar
as those in Fig. 8a, except that the carriers on both channels were
here by 1 ppm, to illustrate the evolution under chemical shifts.
sampling of spin density evolution was achieved by dividing each int
of the constant Hamiltonian into 40 small time steps. The equilibrium
density was set toI z 1 (g N/gH)Sz. The right panels illustrate featur
arising from the finite duration of the pulses. The hump seen in theI z plot
during the1H 180° pulse (right panel) reflects the temporary longitud
component of1H magnetization appearing when transverse magnetiz
y component) is being rotated by 180° around thex axis, from the1y to

2y direction. Similarly, the temporarySy magnetization is associated w
he rotation of the longitudinal15N magnetization (Sz) around thex axis,
rom the2z to 1z direction, caused by the 180°15N pulse. The evolutio

of this transientSy component under the chemical shift and theJ coupling,
n turn, leads to smallSx and 2I zSx components, respectively, seen on
orresponding panels on the right.
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273THE VIRTUAL NMR SPECTROMETER
cently suggested, which take advantage of the low trans
relaxation rate for the coherence corresponding to the lo
right cross peak in Fig. 8b. Figures 8c–8f illustrate the ab
of the program to simulate these experimental approa
designed to select only one particular cross peak and sup
all other, undesired peaks.

As noted above, the Virtual NMR Spectrometer permits
to track and display the evolution of individual component
the spin density during the time course of the experiment.
is illustrated in Fig. 9 for the HSQC experiment. Expl
calculation of all events, including pulses, in the pulse
quence reveals fine details of the evolution of spin de
components, using sufficiently small time increments.

CONCLUSIONS

The Virtual NMR Spectrometer demonstrated here al
computer simulation of NMR experiments, including m
features of modern experimental design. A combinatio
computational efficiency with considerable flexibility and e
of use makes it a powerful tool for pulse sequence design
for testing and tuning preexisting sequences and experim
conditions, prior to running costly NMR experiments. T
Virtual NMR Spectrometer can also be used for learning
general principles of magnetic resonance spectroscopy a
training in pulse sequence design and data processing
source code, manual, and demo examples for the Virtual N
Spectrometer are planned to be available for ftp download
the Web page www.v-mr.org/vnmr.

APPENDIX

Basis Spin Operators

The basis formed by the Cartesian spin operatorsÎ x, Î y, Î z,
the product operators, and the identity operator,E, provides an
intuitive understanding of NMR experiments in terms of r
tions of vectors. An alternative basis, formed by replacing
Î x and Î y operators with the shift (raising and lowering) op-

tors Î 1 and Î 2 is much more useful for describing an exp-
iment in terms of coherence transfer pathways sinceÎ 1 and Î 2

have coherence orderp 5 11 and p 5 21, respectively
whereasÎ x and Î y both represent mixtures of coherence or
11 and 21. This spherical basis set (3) is used here t
calculate the dephasing effects of PFGs during an exper
in the CTP mode. In order to explicitly define the basis, we
define the spin operators

Î q
r 5 5

Ê, r 5 0
Î q

2, r 5 1
Î q

z, r 5 2
Î q

1, r 5 3

[A1]

whereq is an index over all nuclear spins.
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We also define the operationb4[n] that creates from a ba
10 natural number,n, a vector whose components are a ba
representation ofn such that ifd4 5 b4[d], then¥ i d i(4

i21) 5
. So, for example,b4[7] 5 ^3, 1&. Note that in the notatio

used here the indices,d i, corresponding to increasing powers
4 are ordered from left to right. Then the complete set of 4N 2
1 nontrivial basis operators, theB̂a, can be calculated from (1)

B̂a 5 2h21 P
q51

N

I q
bq, [A2]

where b 5 b4[a], b4[a] is understood to haveN element
(leading zeros if necessary), andh is equal to the number
nonzero elements inb4[a]. For example,b4[17] 5 ^1, 0, 1&
orresponds toh 5 2 and B̂a 5 2Î 1

2 Î 3
2; b4[21] 5 ^1, 1, 1&

corresponds toh 5 3 and B̂a 5 4Î 1
2 Î 2

2 Î 3
2. In a two-spin

system, for example, theB̂a would be

B̂1 5 Î 1
2, B̂9 5 2Î 1

2Î 2
z

B̂2 5 Î 1
z, B̂10 5 2Î 1

zÎ 2
z

B̂3 5 Î 1
1, B̂11 5 2Î 1

1Î 2
z

B̂4 5 Î 2
2, B̂12 5 Î 2

1

B̂5 5 2Î 1
2Î 2

2, B̂13 5 2Î 1
2Î 2

1

B̂6 5 2Î 1
zÎ 2

2, B̂14 5 2Î 1
zÎ 2

1

B̂7 5 2Î 1
1Î 2

2, B̂15 5 2Î 1
1Î 2

1

B̂8 5 Î 2
Z, B̂16 5 Ê.

[A3]

For 1 # r # 3 the state described byÎ q
r has a coherence ord

pr 5 H 2 1, r 5 1
0, r 5 2
1, r 5 3

[A4]

and in an external magnetic fieldB0, it will precess with a
frequencyv 5 2B0g qpr , whereg q is the gyromagnetic rat
of the nucleusq. Each of the states described by theB̂a will
also evolve with a definite precession frequency that is c
acterized by its effective gyromagnetic ratio,

g*a 5 O
i

pa i
ga i

, [A5]

wherepa andga refer to the coherence order and gyromagn
ratio of the i th operator in the product operatorB̂a, respec-
tively. The magnitude ofg*a determines the magnitude
dephasing (and therefore the attenuation) of the cohe
described byB̂a during the application of a gradient.
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Decomposition of the Spin Density Operator

First, we define the projection operator:

P̂B̂a
5

^B̂au
^B̂auB̂a&

. [A6]

hen the projection of the operatorÂ onto the operatorB̂a is
given by

P̂B̂a
uÂ& 5

^B̂auÂ&

^B̂auB̂a&
. [A7]

t is convenient to define the decomposition function which
uces from an operator,Â, a vector,A, the components of whic
re equal to the projection ofÂ onto the basis operators,B̂a,

D~Â! 5 A 5 ~P̂B̂1uÂ&, P̂B̂2uÂ&, . . . , P̂B̂~4 N21!
uÂ&), [A8]

uch that

O
i51

~4 N21!

AiB̂i 5 Â. [A9]

Generating Weighted Lists of CTPs

Given a list of CTPs and their (complex) weights, it
simple to reconstruct the final spin density operator as in
[8]. To generate such a list, one must consider all pos
mixing caused by a HamiltonianĤ. During precession in th
absence of coupling between spins, no mixing between
coherences described by theB̂a can occur, and therefore p-
cession alone cannot cause branching in the list of CTP
pulses and precession in the presence of scalar coupli
cross-relaxation can mix coherences described by theB̂a. For
example, an ideal 90° RF pulse can change the coherence
of spinq by 61 while an ideal 180° pulse inverts the cohere
order of spinq.

A general period of evolution under a Hamiltonian,Ĥ, can
be characterized by a transformation matrix that describe
evolution of each basis operator underĤ. The transformatio
matrix can be assembled from a list of row vectors,

↔
T 5 1

D@R~e2iHtB̂1e
iHt!#

D@R~e2iHtB̂2e
iHt!#

:

D@R~e2iHtB̂~4 N21!e
iHt!#

2 , [A10]

where each row vector represents the decomposition of a
operator that has evolved underĤ. The T

↔
matrix contain

information about all mixing of coherences caused by
evolution described by the Hamiltonian. Specifically, the
mentT

↔
ij refers to the amount of mixing fromB̂i to B̂j caused
-

q.
le

he

F
or

der
e

he

sis

e
-

by Ĥ during timet. The transformation matrix therefore co
tains exactly the information necessary to generate the de
lists of weights for each CTP.

If we define the union operation on a set of vectorsa1,
a2, . . . , aN (where each vector,ai , has componentŝa1

i ,
a2

i , . . . , ani

i ) as

ø
i51

N

a i 5 a1 ø a2 ø · · ·ø aN

5 ~a1
1, a2

1, . . . , a1
2, a2

2, . . . , a1
N, a2

N, . . . , an
N!,

[A11]

hen the list of weights for CTPs leading to the coherent
escribed byB̂a, after thei th Hamiltonian, will be

w i11
~a! 5 ø

j51

~4 N21!

@~Tja!~w i
~ j !!#, [A12]

wherej is an index that runs from 1 to 4N 2 1 excludingj for
which Tja 5 0, andw i

( j ) is a list of weights for CTPs leadin
to the coherent stateBj before application of thei th H.

The associated lists of spatial frequency due to PFG
each pathway can also be generated recursively:

k i11
~a! 5 ø

j51

~4 N21!

@k i
~ j ! 1 g*j hi#. [A13]

Lists generated in this way have the property (implied in
[7] and [8]) that the sum of all elements in a particularw i

(a)

equals the projection of the spin density atr z 5 0, before the
application of thei th Hamiltonian, onto the operatorB̂a,

O
j

~wi
~a!! j 5 P̂B̂a

ŝ~0!, [A14]

here (wi
(a)) j is the j th element in the list of weights of CT

leading to coherenceB̂a before the application of thei th
Hamiltonian.
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